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Abstract 



We address the phase space formulation of a noncommutative extension of quantum mechanics 
in arbitrary dimension, displaying both spatial and momentum noncommutativity. By resort- 
ing to a covariant generalization of the Weyl-Wigner transform and to the Seiberg-Witten map 
we construct an isomorphism between the operator and the phase space representations of the 
extended Heisenberg algebra. This map provides a systematic approach to derive the entire 
structure of noncommutative quantum mechanics in phase space. We construct the extended 
starproduct, Moyal bracket and propose a general definition of noncommutative states. We study 
the dynamical and eigenvalue equations of the theory and prove that the entire formalism is inde- 
pendent of the particular choice of Seiberg-Witten map. Our approach unifies and generalizes all 
the previous proposals for the phase space formulation of noncommutative quantum mechanics. 
For concreteness we rederive these proposals by restricting our formalism to some 2-dimensional 
spaces. 
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I. INTRODUCTION 



Noncommutative extensions of quantum mechanics have been recently widely discussed 



in the literature 



ive extensions oi quantur 

ii,y,y,Q,y,y,fly,y,Q: 
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11^,114. This interest has its roots in the 



noncommutative field theories and their connection with quantum gravity and string theory. 
It is widely believed that the final theory of quantum gravity will determine the fundamental 
structure of space-time and does contain some sort of noncommutative structure. This will 
have of course, a profound impact on the mathematical foundation of quantum mechanics 
and quantum field theory and will certainly have implications on their predictions. The 
quest to find deviations from the predictions of standard quantum mechanics, that could 
be regarded as a signature of quantum gravity, is one of the key motivations for the recent 
interest in noncommutative quantum mechanics (NCQM), the nonrelativistic one-particle 
sector of noncommutative field theories. 

Most of the models of NCQM considered in the literature are based on canonical ex- 
tensions of the Heisenberg algebra. In these models time is required to be a commutative 
parameter. In a d dimensional space with noncommuting position and momentum vari- 
ables, the extended Heisenberg algebra reads: 

[gi, Qj] = iOij, [q„pj] = ihdij, [pi,Pj] = irjij, i,j = 1, d (1) 

where rjij and 6ij are antisymmetric real constant {d x d) matrices and Sij is the identity 
matrix. Theoretical predictions for specific noncommutative systems have been compared 



with experimental data leading to bounds on the noncommutative parameters 
9 <4:X 10"^°m2 , T] < 1.76 x 10~^^A;c/Ws"l 
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15|: 



(2) 



Moreover, a great deal of work has been devoted to structural and formal aspects of the 
quantum theory based on the algebra ([T]). The key property of the extended Heisenberg 
algebra is that it is related to the standard Heisenberg algebra: 



0, 



ih6,, 



Hi,H, 



0, 



hi = i,...,c? 



by a class of linear (non-canonical) transformations: 

qi = Qi (^Rj, Hj) Pi = Pi {^Rj, Hj) 



(3) 



(4) 



which are often refered to as the Seiberg-Witten (SW) maps 16j. By resorting to one 
of these transformations, one is able to find a representation of the noncommutative ob- 



servables as operators acting on the conventional Hilbert space of ordinary quantum me- 
chanics, i.e. to convert the noncommutative system into a modified commutative system 
which exhibits an exphcit dependence on the noncommutative parameters as well as on 
the particular SW map. The states of the system are then wave functions of the ordinary 
Hilbert space and its dynamics is determined by the Schrodinger equation with a modified 
rj, ^-dependent Hamiltonian. Although the entire formulation is dependent of the particular 
SW map used to perform the noncommutative-commutative conversion, this is not so for 
the physical predictions such as expectation values and probability distributions. Still, the 
fact that the formalism is not manifestly invariant under a modification of the SW map is 
a disadvantage. Moreover, both the observables and the states, being written in terms of 
the Heisenberg variables Q, do not display a simple mathematical structure. This tends 
to obscure their physical meaning. 
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brmation quantization method 17 
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33, 



3J] leads to a phase space formulation of quantum mechanics alternative 



to the more conventional path integral and operator formulations. This is a powerful 
quantization procedure that can be applied to classical systems defined on arbitrary non- 
fiat Poisson or sympletic manifolds. In the fiat case it leads to the well known Weyl-Wigner 
formulation of quantum mechanics which is tantamount to a phase space representation 
of the Heisenberg algebra ([3]). This formulation of quantum mechanics is akin to classical 
statistical mechanics. Observables are represented by phase space functions and states by a 
quasi- distribution known as the Wigner function. The key algebraic structure of the theory 
is an associative and non-commutative ^-product which carries the information about the 
commutation relations Q. 

The most natural representation of the algebra ([I]) is also in phase space where the 
commutation relations ([T]) can be implemented in a Lie algebraic way, i.e. following from a 
noncommutative and associative extended ^-product of phase space functions: ih[A,B] = 
A -k B — B -k A. This formulation leads directly to a noncommutative extension of the 
Weyl-Wigner formulation of quantum mechanics. Some work concerning the deformation 
quantization of NCQM has recently appeared in the literature. Various authors proposed 



formulae for the quasi-distribution on the plane with only spatial noncommutativity 



36 



or with phase space noncommutativity c 



35, 



The former approaches point in an interesting direction. However, they have been 
developed for a particular dimension [d = 2) and for specific values of the noncommutative 
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parameters and it is difficult to see how they relate to each other and to the operator 
representations of the noncommutative algebra. A global formalism from where these 
formulations could be derived as particular cases is still missing. One of the main issues 
is the absence of a unified point of view on the definition of state for phase space NCQM. 
A clear relation with the operator formulation of NCQM is also quite relevant and is still 
lacking and so is a definitive proof that the formalism is independent of the particular 
choice of the SW map. 

In this paper we will study the phase space formulation of NCQM and address these 



issues. Our main tool will be the covariant generalization of the Weyl-Wigner map [25|. In 
its original formulation the non-covariant Weyl-Wigner map is an isomorphism between the 
operator and the phase space representations of the ordinary quantum mechanics based on 



the algebra ([3]) and it provides the simplest approach to derive most o: 



le mathematical 



structure of conventional phase space quantum mechanics [17|, ll8|, |19|, l20|, 1211, l22|, |23|, l26[ |. 
The covariant extension of this map was studied in I25I in connection with a diffeomorphism 
invariant formulation of Weyl-Wigner quantum mechanics 24 1 . 

By resorting to the covariant generalization of the Weyl-Wigner transform and to the 
SW map we will construct an extended Weyl-Wigner map for noncommutative quantum 
mechanics. This map is an isomorphism between the operator and phase space represen- 
tations of the extended Heisenberg algebra ([I]) and, therefore, it provides a systematic 
approach to derive the phase space formulation of NCQM in its most general form, i.e. for 
arbitrary (i-dimensions and any value of the noncommutative parameters. By applying it to 
the density matrix, we get the noncommutative counterpart of the Wigner function, which 
we shall call the noncommutative Wigner function. It represents the state of the system. 
Moreover, this extended Weyl-Wigner transform can be applied to derive the fundamental 
algebraic structure of the theory. We shall use it to: 

(i) Get the extended ^-product and a Moyal bracket encompassing the noncommutativity 
of the theory and 

(ii) Derive the dynamical and eigenvalue equations for NCQM. 

Finally, we will show that the noncommutative Weyl-Wigner transform, and therefore 
the entire formulation of NCQM, does not depend on the particular choice for the SW map. 

Our approach provides a unified framework for the phase space formulation of NCQM. 
The entire structure of the theory follows directly from the extended Weyl-Wigner map. 
Previous approaches to phase space NCQM are generalized and unified. We shall re- 
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derive some of these formulations by restricting our formalism to their particular physical 
situations. 

This paper is organized as follows. In section 2, we discuss the general features of the 
Weyl-Wigner map and its covariant generalization. We also make a brief review of the 
deformation quantization method. In section 3, we construct the extended star-product, 
the extended Moyal bracket and the noncommutative Wigner function, and extensively 
discuss their properties. We also prove that the extended Weyl-Wigner map is independent 
of the particular choice of the SW transformation. In section 4, we specialise our findings 
to 2 dimensions and compare them with results already known in the literature. Section 5, 
summarizes our conclusions. 



II. THE GENERALIZED WEYL-WIGNER MAP 



In this section we aim to review the main structures of the covariant formulation of 
deformation quantization with emphasis on the generalized Weyl-Wigner transform. Our 
analysis is restricted to the case of flat phase spaces. The formalism presented here will help 



to make the 
to Refs. 



3G, 



31 



brthcoming sections simpler and more self-contained. The reader is referred 



22 



23 



24 



25 



26 



271, 



28 



29| for a more detailed presentation and to Refs. 



34| for the generalization of the formalism to the non-fiat case. 
The general interest of the covariant version of the deformation quantization procedure 
is that it leads to a larger set of quantum phase space representations. We shall see in the 
next section that from an operational point of view noncommutative quantum mechanics 
in phase space is a covariant phase space quantum mechanics with a particular choice of 
non-canonical coordinates. 

Let us then settle down the preliminaries: we consider a (i-dimensional dynamical system, 
such that its classical formulation lives in the flat phase space T*M ~ IR^'^. A set of global 
canonical coordinates 



e = (/?,n) = (i?„n, 



l,---,ci. 



= = 1, .., (i and = II^.^, a = + 1, .., 2(i 



(5) 



can then be defined in T*M in terms of which the sympletic structure reads w = dRi A dUi. 
In the sequel the Latin letters run from 1 to (e.g. i,j,k,--- = 1, ■ ■ ■ , d), whereas the 
Greek letters stand for phase space indices (e.g. a, /?, 7, ■ ■ ■ = 1, • • • , 2d), unless otherwise 
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stated. Moreover, summation over repeated indices is assumed. Upon quantization, the set 
{^a, OL = l,..,2d} satisfies the commutation relations of the standard Heisenberg algebra 
and {Ri, i = I, .., d} constitutes a complete set of commuting observables. Let us denote 
by \R) the general eigenstate of R associated to the array of eigenvalues Ri, i = 1, ..,d and 
spanning the Hilbert space 7i = L2(Si'^,dR) of complex valued functions ip : IR'^ — > C 
{ip{R) = {R\ip)), which are square integrable with respect to the standard Lesbegue measure 
dR. The scalar product in H is given by: 



(^,0)„ = J dR^{R)(j){R) (6) 
where the over-bar denotes complex conjugation. 



We now introduce the Gel'fand triple of vector spaces [39|, |40|, |4l|, 1421 ]: 

5(1R'^) CHC 5'(1R'^), (7) 

where S{JR'^) is the space of all complex valued functions t{R) that are infinitely smooth 
and, as | |-R| | oo, they and all their partial derivatives decay to zero faster than any power 
of 1 /1 l-R l |. 5(1R'^) is the space of Schwartz test functions or of rapid descent test functions 
43l . |44| . and iS'(lR'^) is its dual, i.e. the space of tempered distributions. In analogy with 
([7]) let us also introduce the triple: 

5(1R2<^) C ^ = L2(1R'^ dRdU) c 5'(1R2^), (8) 

where JF is the set of square integrable phase space functions with scalar product: 

{F, G)r = JdRjdU F(RJ^GiR, U) . (9) 



Finally, let S' be the set of linear operators admitting a representation of the form [29|: 

A : S{]R'^) — > S'iU'^y, tlj{R) — > iA4j){R) = J dR' Ak{R,R'MR'), (10) 

where Ak{R,R') = (^|^|^') G >S'(1R^'') is a distributional kernel. The elements of S' are 
named generalized operators. 



The Weyl-Wigner transform is the one-to-one invertible map |27l . 1291 . l45l |: 

A — > A{R, n) = W^{A) = h'^ Jdy e-'^ yAK{R + ^y,R- \y) 

= jdy e-'^'-y ^{R+ \y\A\R - \y) ^ (11) 



where the Fourier transform is taken in the usual generahzed way^ and the second form 
of the Weyl-Wigner map in terms of Dirac's bra and ket notation is more standard. Note 
that we have introduced the subscript R to specify which eigenstates we are referring to. 
This will be relevant in the sequel. 

There are two important restrictions of Wf 

(1) The first one is to the vector space of Hilbert-Schmidt operators on 7i, which 
admit a representation of the form fllOl) with Ax{R, R') € JF, regarded as an algebra with 
respect to the standard operator product, which is an inner operation in T. In this space 
we may also introduce the inner product (A, 5)^ = tr{A^I3) and the Weyl-Wigner map 

: P — ^ T becomes a one-to-one invertible unitary transformation. 

(2) The second one is to the enveloping algebra ^(7i) of the Heisenberg-Weyl Lie 
algebra which contains all polynomials of the fundamental operators fl and / modulo 
the ideal generated by the Heisenberg commutation relations. In this case the Weyl-Wigner 
transform : AiJ-C) — > ^(IR^'^) becomes a one-to-one invertible map from v4.(?i) to the 
algebra ^(IR^'^) of polynomial functions on IR^'^. In particular W(\l) = 1, W^{R) = R and 

w^{ii) = n. 



The previous restrictions can be promoted to isomorphisms, if and A(\R'^'^) are endowed 
with a suitable product. This is defined by: 

W^{A) *5 W^{B) = W^{Ab) (12) 

for A,B E <S' such that AB G <S' . The ^-product admits the kernel representation: 

A{R,U)*^B{R,U) = j:J-j^J dR' J dR" J dW J dU"A{R',U')B{R",U") x 



2i 



^-f[U"iR-R')+UiR'-R")+n'iR"-R)] 



(13) 



and is an inner operation in JF as well as in ^(H^'^). The previous formula is also valid if 



we want to compute A-k^ B with A E J-' and B G ^(IR ), in which case A-k^ B E S'(iR 
On the other hand, if A G AiWi^'^) and B E AiM^"^) U JF the .^-product can also be written 



in the well-known form 13, 



18|: 



ih * 



AiO^^BiO = AiOe^'^'^'-^'^^BiO, 



(14) 



^ The Fourier transform Tp of a generalized function B e iS'(]R") (for n > 1) is another generahzed 
function Tp[B] € S'{JR") which is defined by {TF[B],t) = {B, Tp[t\) for all i G 5(IR") 0,0 and where 
{A,t) denotes the action of a distribution A g iS'(]R") on the test function t S 5(]R"). 



8 



where d^^A{^) = -Tf-A{^) and Ja/s are the components of the sympletic matrix: 

— Irfxd Odxd 

Here Idxd denotes the {d x d) identity matrix. 



(15) 



The map Eq. (1 11 1) yields a phase space representation of quantum mechanics which, is by 
no means unique. For instance the restriction : A{T-l) — > ^(IR^'^) is one of infinitely 
many isomorphisms relating the algebras A{T-l) and ^(IR^*^). This map is associated to the 
symmetric ordering prescription, the Weyl rule, for operators and admits a large class of 
generalizations which are associated to different ordering prescriptions [l^ . Moreover, even 
within the context of the Weyl rule, we may consider canonical operator transformations 
of the form: 

f : 5' — S'; Aii) f[Aii)] = A\i') = Aim) , (16) 

where ^' = {R', fl') is a new set of fundamental Heisenberg variables and the action of T 
is tantamount to a change of representation. For the new set of fundamental variables we 
may write a new Weyl-Wigner map: 

A A{R',U') = W^iA) = h''Jdye-''''-yf,,{R' + ly\A\R'-^y)^, (17) 

where now \R' ± \y)fii are eigenstates of R! . This map is not equivalent to the original one, 
PVg, given by Eq. (ITT]) . In fact, if we construct the coordinate transformation ^ = ^(^') = 



VF^/[(^(^')] then, in general, A{^') ^ A{^{^')) 25|] and there is no trivial relation between A 



and A. Notice that in Eq. (flTl) . and also in Eq. (fTTl) . we did not specify whether A = v4(^) 
OT A = A'{^'). This is because F{R',y) =fy {R' + ^y\A\R' — \y) f^i is invariant under a 
change of representation, i.e.: 

f,,{R! + |i/|i(ai^' - h)R' =R' (R' + h\^'iO\R' - h)R' ■ (18) 
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We conclude that the following diagram does not close: 

Mi) > A'ii') = Aiiii')) 

f 

Diagram 1 

and that, in general, the two maps and W^' yield two distinct phase space representa- 
tions. 

Also arising from the Weyl rule, there is another set of quantum phase space representations 
of the Heisenberg algebra. To construct them explicitly let us consider the more general 
case where the transformation T (Eq. f|T6l) ) is not required to be canonical and thus the 
new set of variables ^' may no longer satisfy the Heisenberg commutation relations. In this 
case we shall designate the new variables hj z = {q,p)- In general, there is no well-defined 
map Wz- We demand that the transformation T be such that ^ — > z = z{C,) = W^{z) is 
a phase space diffeomorphism and define the classical counterpart of T by letting it to act 
as a coordinate transformation : 

T : S'iU'") S'iJR''), A(0 — T[Am = A'iz) = Ai^z)) , (19) 

^ Notice that we have used the notation A in Eq. (|17p and we use the notation A' here. We shah reserve the 
notation with the prime for the case where the two objects are related by a coordinate transformation: 

A'{z)^Aiaz)). 
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where ^{z) is the inverse function of z{^). We may now consider the diagram: 

Mi) ^ A'iz) = Aiiiz)) 



A{0 



T 



T 



A'{z) = Ai^z)) 



Diagram 2 

The generahzed Weyl-Wigner map is the covariant generahzation of W^. We have 
= T o o or more precisely 251]: 



A'{z) = W^iA) 

j dx j dye-'^^'^-yS{x - R{z)) ^{x + ^y\A\x - fy)^ , (20) 



Wl : S' 

A 



where again \x ± are eigenstates of R. The map is still a one-to-one invertible 
map between the spaces S'{7i) and S'(M}'^) and even if z is a second set of canonical 
coordinates, in general, we have ^ W^- The map VF| can be applied both to a 
general observable A G A{H) as well as to the density matrix p{t) = \ilj{t)){ilj{t)\ G P. 
In the first case it yields the f-Weyl symbol A'{z) = W^{A) of the original quantum 
operator and, in the second case, the covariant generalization of the celebrated Wigner 
function f^'{z,t) = (^2wj^y W^{p{t)) 20|]. Moreover, the two restrictions : JF — > JF and 
: A{H) — > ^(IR^'^) can be turned into isomorphisms of Lie algebras once a suitable 
^-product is introduced in T and ^(IR^''). 



In analogy with Eq. f|T2|) the covariant star-product and Moyal bracket [, ]z are defined 
by UMM: 



W^iA),W^iB 



W^A^lAB]) = - W^iB)^,W^iA)) (21) 



for all A,B & S' such that AB, BA G S'. From its definition it follows that the ^^-product 
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satisfies: 

^{zy-.B\z) = A{az)h^B{az)) (22) 
and that for A,B e ^(IR^'^) it can be written in tlie explicit form^: 

A'{z) B'{z) = A'{z)e^^^-^-^^^^B'{z). (23) 

Tliis formula truncates at some finite order and is also valid for the case where A (or B) 
G ^(IR^*^) and B (or A) G J-'. In Eq. fl23l) the covariant derivatives are given by: 



V^^A'iz) = d^^A'iz) = ^A'{z) 



V^y^.A'iz) = d,^d,^A'{z)-T^^^d,^A'iz) , (24) 

where the Christoffel symbols read (we assume that the phase space has a flat structure): 

dz^ d'^ia 

ra/37 = ^ • (25) 

and the transformed symplectic form Q is given by: 

_ dzadzp^ _ dzg dzp _ dzg dzp 
'"-^ ~ di, '''' ~ OR, dU, dU, dR, ^^^^ 

We will see in the next section that when the transformation ^ — > ^ {z) is linear, the kernel 

expression of the T*r-product Eq. f|T3l) also admits a simple covariant generalization. 

We complete the presentation of the main structures of the covariant formulation of 

phase space quantum mechanics by introducing the trace formula for a general trace-class 

operator A E T \a 



TriA) = ——-7 / dz 



dz 



W^(A) = — 4t7 / A'(z), (27) 



and for the product of two operators A, B E ^ we get: 

Tr(AB) = I Aiz) ^, B\z) = — 4t7 / A'(z)B'(z), (2i 

where we have used the fact that (cf. Eq. fl22l) ): 

j ^==A'{z)^,B'{z) = jdiA{OHB{0 



diA{i)B{i) 
dz 



VdetO 



A{z)B'{z). (29) 



3 



Notice that the covariant version of the ^-product for the configuration variables has been considered in 



the context of field theory in order to minimally couple a scalar field with gravity [46 1. 
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It follows that: 

(A, B), = tr(A^B) = / ^-mS'iz) = (A', B'), (30) 

and so W| : T — > J- is an unitary transformation. 

When formulated in terms of these structures phase space quantum mechanics becomes 
fully invariant under the action of general coordinate transformations. The covariant gen- 
eralization of the Moyal and stargenvalue equations read: 



(31) 



P{A'{z, t)^a)^j -jiL=p'^Jz)f^'{z, t) . (32) 



where p'a^i,{z) is the a-left and 6-right ★^-genfunction of A'{z), p'a,b{^) — (27ri^)~'^VF|(|a)(&|) 
and H' is the f-symbol of the Hamiltonian H. Finally, the probability distributions for a 
general observable is given by: 

dz 
Vdet 

A final remark is in order: from the trace formula, it follows that the covariant 

Wigner function f^'{z,t) = ^^J^^rf T4^|(p(t)) does not satisfy the normalization condition 
/ dzf^'{z,t) = 1. Instead we have: 

-:r'{z,t)^l (33) 



VdetO" 

In order to prevent this situation, we shall introduce the following convention, which is the 
one that renders our future results simpler. If det f2 is a constant, which is the case for T 
the SW map, we redefine the Wigner function as: 

so that the quasi-distribution is normalized. On the other hand if det ft is not a constant, 
then we shall keep the original definition in order not to be forced to change the main equa- 
tions that should be satisfied by the Wigner function, such as the Moyal and stargenvalue 
equations. 

III. NONCOMMUTATIVE QUANTUM MECHANICS IN PHASE SPACE 



In this section we shall consider a quantum system in d dimensions with both spatial 
and momentum noncommutativity. This is expressed in terms of the extended Heisenberg 
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algebra satisfying the commutation relations: 



[QiAj] = i^ij, [Qi,Pj] = i^^ij, [Pi,Pj] = ^Vij, hi = 1, ■■■,d (35) 

where rjij and 6ij are antisymmetric real constant {d x d) matrices. We shall assume that 
these matrices are both invertible and that 

Sjj = 6ij + j^OikTikj (36) 

is equally an invertible matrix. This will certainly happen, if for any matrix elements r] 
and 9, their product is considerably smaller than h^: 

Or] « h^. (37) 



We will tacitly assume this to be the case. Notice that this condition is experimental 



ly 



fulfilled, for instance, in the case of the noncommutative gravitational quantum well 

It is well-known that under a linear transformation this algebra can be mapped to the usual 

Heisenberg algebra: 

Ri,Rj^=0, Ri,tlj =ih6ij, fli,flj =0, ij = l,...,d, (38) 

via the SW map which can be cast in the form: 

qi = AijRj + Bijflj pi = CijRj + Dijflj (39) 



where A, B, C, D are real constant matrices. We shall assume that this transformation is 
invertible. The transformation is easily shown to obey the following lemma \3^ . 

Lemma 3.1: The matrices A, B, C, D are solutions of the equations 

AD^ - BC^ = AB^ - BA'^ = ^0 CD^ - DC^ = , (40) 

where the superscript "T" stands for matrix transposition. A, B, C, D, 0, N are the ma- 
trices with entries Aij, Bij, Cij, Dij, 9ij, rjij, respectively. 

Thanks to this linear transformation, the noncommutative algebra Eq. fl35|) admits a 
representation in terms of the Hilbert space of ordinary quantum mechanics. Notice that 
the SW map is not unique. Indeed, the Heisenberg algebra ( l38l) is only defined up to a 
unitary transformation. Consequently, there should be an infinity set of solutions to the 
set of constraints (HOl) . Indeed, there are 4 {d x d) matrices to be determined, i.e. 4ci^ real 
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parameters. However, in (1401) there are d{3d — l)/2 independent equations, leaving a total 
of d{5d + l)/2 free parameters. 

The aim of this section is to find a phase space representation of the commutation 
relations fl35|) and, by doing so, provide a phase space formulation of noncommutative 
quantum mechanics. Let A{q,p), B{q,p) G <S' be two generalized operators. Two important 
subspaces of <S' are the enveloping algebra of the extended Heisenberg algebra AeCH) and 
the algebra of Hilbert-Schmidt operators JF. It follows from the SW map that AEi^H) = 
A{T-C). We are looking for a one-to-one invertible linear map V -.S' — ^ 5'(]R^°') satisfying: 

(i) v{i) = 1 

(ii) Viq) = q 

(iii) V{p) = p 

(iv) V (^A{q,p)B{q,p)^ = V (^A{q,p)^ V (^B{q,p)^, for some suitable product ^^r and 
provided AB G S'. 

Notice that these properties immediately impose the extended Heisenberg commutation 
relations in phase space: 

V {[z^, %]) = Viz^) ^ - * V{z^) = [V{z^),Viz^)l (41) 

where we defined the bracket associated to the product -k. 

There is a large set of maps V that satisfy properties (i) to (iv). This set can be divided 
into several subsets, each one being characterized by a particular ordering prescription for 
operators. The class of maps V which are associated with the Weyl rule can be constructed 
by resorting to the standard Weyl-Wigner map: 

A'{z) i(0 — A{0 — A'{z) ^^^^ 
SW Wi: SW-^ 

and since the SW transformation is linear, there are no ordering ambiguities and thus 
SW and SW have the same functional form. One can easily see that W^ provides the 
desired phase space representation for NCQM. Indeed the map W^ satisfies the four required 
properties and defines a new T^r-product in phase space through condition (iv). In section 
3-A and 3-B we will study the algebraic structure of the new theory and in section 3-C we 
shall characterize its states. Finally, in section 3-D we shall also show that the map W^, 
and thus the entire structure of the phase space representation of NCQM, is independent 
of the particular choice for the SW map. 
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A. The ★ product 



Using the generalized Weyl-Wigner map ( H2l) we now construct a T<r-product for the 
NCQM in phase space. In ^(R,^*^) we can use Eq. fl23l) to write the ^-product in terms of 
the variables z. In this context in order to keep the notation simple, we shall write Ai^z) and 
-k instead of J^i^z) and respectively. Since the SW map is a linear transformation, the 
Christoffel symbols in (!25|) vanish and the covariant derivatives (1241) reduce to the standard 
derivatives. As for the symplectic form, we get from Eqs. ( l26l) . ( l39l) and ( HOi) : 

^qiqj = ^ikBjk — BikAjk = J^^ij- (43) 



Likewise: 

1 

h 



^liVj ~ ^ij ' ^PiPj ~ Vij ■ (44) 



Altogether: 

/ 1 

n = 



Idxd 



(45) 



We have thus proved the following theorem: 

Theorem 3.2: For A, B E ^(IR^'') the i^r-product in the noncommutative variables z = 
{q,p) reads: 

A{z)i.B{z) = A{z)e^^^"^'^^^'PB{z) = A{z)i<n^e^rjB{z), (46) 

where 

A{z)i<nB{z) = A{z)e^^'''^"^^^^B{z) (47) 

A{z)i<eB{z) = A{z)e^^^'''i B{z) (48) 
i d a 

A{z)i.^B{z) = A{z)e^9p^''''9p,B{z), (49) 
We can cast all these products in a compact notation: 

A{x) *A B{x) = A(x)et^-«^««^'^«5(x) . (50) 

In the case of * and -kn the variable x stands for % = z = (g, p) in the 2(i-dimensional phase 
space {R, S = 1, ■ ■ ■ , 2d). The symplectic matrices in these cases read: 

A = hfl, if = * , A = hJ, if *A = . (51) 
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In the case of -ke and the variable x stands for x = g or x = p (i?, S = 1, - ■ ■ ,d), 
respectively, and the remaining variables in Eqs. (HHl) and (H9l) . p or g, are just regarded as 
fixed parameters in the corresponding dimensional configuration or momentum spaces. 
The symplectic matrices thus read: 

A = 0, if *A = *9 , A = N, if *A = ■ (52) 

Then we can derive two additional representations for these ^-products. 

Lemma 3.3: A ^-product of the form fISU]) acting on the space of polynomials on phase 
space (*A = ^ or *A = configuration space (*a = *6») or momentum space (*a = ^r^), 
can be represented Bopp shift: 

A{x) ^A B{x) = A + fA 9^) Bix) = Aix)B [x - |A d^^ . (53) 

Proof: Assuming that A{x), B[x) are polynomials, then they admit a generalized Fourier 
transform. We may thus write: 

A{x) = JdC /(C)e^^ '^ , B{x) = jda g^^^ . (54) 

Here x = ^ (for *a = * or t^ta = ^n), X = Q (for -k/^ = -kg) or x = P (for *a = *r;)- The 
coefficients f{Q,g{(y) are singular. From flSUj) we get: 

A(x)^a5(x) = jdcjda /(C)^7(a)e^^->^et^x«^«^^xse-x 

= Jdcjda /(C)^7(a)e^^"('"''^^"^'^^)e'-^ 

= A(x + iAa^)i?(x) . (55) 

The second identity in ( l53ll is proved in a similar way.|— | 

Lemma 3.4: Let the matrix A be invertible. Then the ^-product of the form fl50|) admits 
a kernel representation: 

A{x) B{x) = ^„j2,tA| / "^^7 ^(x')i?(x")e''^(^-^'^"^"(^"-^)l, (56) 

for A, B E ^(H"). Moreover, this kernel representation is equally valid for A, B E ^(IR^'^)U 
J-" if A = hQ. Here n stands for 2d or d depending on whether the ^-product is k, -kfi, or 
kg, k^, respectively. 
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Proof: Let us prove the equivalence of flSUI) and fl56l) for polynomials A, B. Again, A{x) 
and B{x) admit the Fourier transforms (15^ with inverse forms given by: 

/(C) = -(i^Jdx A{x)e~'<-^ , g{a) = J dx B{x)e~'-^. (57) 

From fl53l) we get: 



A{x)*aB{x) = Jd^Jda /(Og(^)e''"("*^""-''^»)e"'< = 

Upon substitution of Eq. ( !57l) into the previous equation, we get: 

A{x)^aB{x) = J^^J^^J dx"A{x')B{x") x 

X exp (-< -x' -i^-x" + <-X + i^-X- K^Aa) . (59) 
Let us first perform the integration over a: 

I rfae(-''^-^"+*'^-^-i'^^^") = {271)^5 {x - X" - K'^A) 

From Eqs. ( l59l) . (!60ll we recover ( l56l) upon integration over 

Finally, we prove the last statement in the lemma. Let C(^) and -D(0 be the Weyl 
symbols of some operators C*, D in AiTi) U P. The kernel representation of the ^^-product 
Eq. (fT3!) can be writen in the form: 

c(o 1^(0 = ^ / di' j de c(n/^(r)ef-t(5-«')-j(r'-o]. (61) 

If we perform the SW transformation: 



^ ^ ^ = , C(0 ^ C"(^) = Ci^z)) , D(0 ^ D'{z) = Di^z)), (62) 

with Taf3 = ||^. The symplectic matrix transforms as in (|26|1 : 

O = TJT^. (63) 

and detT = {detCty/^ Under the SW map the kernel representation ( !6TI) transforms 
according to (cf. (l22l) ): 



c(0 ^nZ^(Ole=^(.) = c^'(^)^/^'(^) 

1 /■ /■ r 2j, 

/ ill 1 II / -, ,— --. \ O / /\ / / // \ — / 



2d 



J dz' J dz" {det T)"2C'(z')/^'(^")e'"*^^-^'^"^^")"''^"^^"-^^l. (64) 
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From dM]) we have rt'^ = -{T'^)'^3T-^. And thus: 

C'iz)i.D'{z) = . ^, / dz' I dz" C\z')D\z")e^'^^'-''^^^'"^'"-'^\ (65) 



(77/1)2^1 detfi I 

If we redefine A{z) = C'{z), B{z) = D'{z) we recover ( l56l) .[— | 

Remmark 3.5: Notice that for the expression (l56l) to make sense, it is crucial that the 
matrix A is invertible. According to our assumptions, Eq. fl371 and the preceding discussion, 
this is certainly the case for the matrices J, and rj. The matrix ft also has an inverse: 

f^-i = M ^ ^ \\ (66) 

1^ ie(s--- 



where I] ^ is the inverse of the matrix (l36l) . 

Theorem 3.6: For a T^r-product of the form fl56p . the following identity holds: 

j dx A{x) Bix) = jdx A{x)B{x)- (67) 

Proof: From the kernel representation, we have: 

dxA{x)^KB{x) = ^ j-^^ jdxj dx' j rfx"^(x')5(x")e''^(^-^'^"^"(^"-^^l 



^n\l^^^\ j dx j rfx"vr"|detA|<5(x'-x")^(x')i?(x")e~'^^"^"^" 
dxA{x)B{x) , (6^ 



where the antisymmetry of A has been used in the last step. Notice that this formula is in 
agreement with (1281) .[—| 

B. The Moyal bracket 

The extended Moyal bracket is defined according to Eq. fl2Tl) . 

Definition 3.7: For A, S G S^WC^) such that A * S and 5 A are also in S^WC^) the 
noncommutative Moyal bracket is defined by: 

[A{z), B{z)l ^ 1 {A{z) ^ B{z) - Biz) ^ Aiz)) (69) 

In particular, this definition is valid for A, B E ^(IR^^) U 
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For A e A{m^'^) and B G ^(IR^'^) U one easily realizes that the Moyal bracket can be 
written in the form: 

[A{z),B{z)l ^ ^{A{z)^B{z)-B{z)^A{z)) 

= 1 (^A{z)e^^^''^-^^'^B{z) - B{z)e^^^"^-^^^PA{z)^ 

ih \ J 

= ^A{z) sin d^^ i,,) B{z) , (70) 

where in the penultimate step we have used the antisymmetry of the matrix VL. 



C. The Wigner function 

Following the strategy of section 3A, we can use the generalized Weyl-Wigner map 
to define the noncommutative Wigner function (NCWF). Since the SW map is a linear 
transformation, the Jacobian is a constant and we may absorb it in the definition of the 
NCWF to get a normalized distribution (c.f. the remark at the end of section 2): 

Definition 3.8: Let the system be in a pure or mixed state represented by a density matrix 
p G JF. The NCWF in the noncommutative variables z = (g, p) is defined by: 

where det fl is the determinant of fHSl) .|— | 

It follows from the definition of f^^[z) that if ^ = (-R, 11) is the set of Heisenberg 
variables obtained via the SW map ( l39l) and we compute the ordinary Wigner function 
/'^(O = j:^W^{p) associated with p, then /^^(z) = (| det {^{z)), where ^z) 

is the inverse transformation of the SW map. Moreover, since the SW map is a linear 
transformation, the Jacobian det f2~^/^ is a constant, and it follows from Eq. fl33l) that the 
NCWF is normalized: 

j dz r^(^) = 1. (72) 

Other properties of the NCWF follow directly from application of the generalized Weyl- 
Wigner map. For instance, if we apply this map to the von-Neumann equation 

ih^^ = [H,p], (73) 
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we immediately get the following theorem: 



Theorem 3.9: The dynamics of the NCWF is dictated by the noncommutative von 
Neumann-Moyal equation: 

^(^,t) = [/7(^),r^(z,t)]^, (74) 

where 

H{z)^Wl{H){z). (75) 

Likewise, suppose that \ipa)^ I'^b) are normalized eigenstates of a certain operator A{z) G 
AiTi) with eigenvalues a, h: 

A\^a) = a\^a) , A\^b)=b\^t)- (76) 

If we apply the generalized Weyl-Wigner map to the non-diagonal density matrix element 
\i'a){4'b\ € ^, we obtain the non-diagonal NCWF: 

/ar(^) = (detl7)-^/Vl(e(^)), (77) 

where 

^j^Jdy e-''^y/\R + y^iHR " v)- (78) 

We then get: 

Lemma 3.10: The non-diagonal NCWF (I77|) is a solution of the T*r-genvalue equations: 

^(^) ^/r(^) = a/ar(^) , /r(^) ^^(^) = &/ar(^), (79) 

where A{z) = lV|(i). 

Proof: This result can be easily proved, if we apply the generalized Weyl-Wigner map to 
the equations 

A\^a){H=a\^a){^b\ , \^a){HA = b\^a){H (§0) 



and multiply them by {2'Kh) '^(det fl) 



□ 



Lemma 3.11: Let {{ipa), a G /} be a complete orthonormal basis of the Hilbert space. 
Let {fab^iz), a,be l] be the non-diagonal NCWF as in Eqs. ([77]) and ([7H]). Then the 
following identities hold for all a, b,c,d E /: 



{27rh) 
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Proof: The non-diagonal density matrix elements {|V'a) (V'bl; {(^^b G /)} obey the orthog- 
onality conditions: 

m{A\\i^c){H = Sbcm{i^d\- (82) 

If we multiply these equations by (27r/i)^^'^(det and apply the generalized Weyl-Wigner 
map, we recover (15T1) .[— j 

Lemma 3.12: If a system is in a pure state, then the corresponding NCWF satisfies: 

Proof: If the system is in a pure state then the corresponding density matrix satisfies 
= p. Again, we multiply this equation by {2nh)^'^'^{det f2)~^ and apply the generalized 
Weyl-Wigner map.|— | 

Lemma 3.13: A phase space function f^^{z) is a NCWF if and only if there exists a 
complex- valued phase-space function g{z) such that: 

(i) /rfz |^7(^)P = 1, 

(ii) f^^{z)=g*{z)^g{z). 

Proof: A linear, trace-class operator p is a density matrix if and only if there exists an 



operator a such that: (1) tr{a)a) = 1, (2) p = d^a 22|. If we apply the generalized 
Weyl-Wigner map to the second condition, we get: 

fNC^^^ ^ ( ^ \ ^ ( <^ ^ .84^ 

^ ' ^27r^)'^/2(detO)i/4y \{2TiTi)^l\detny/^ ) ' ^ ' 

where obviously a{z) = W^{d). If we define g{z) = (27r/i)~'^/^(det 0)^-'^/^a(2;), we recover 
condition (ii) in the lemma. Moreover, from Eqs. fl27|) - fl28|) . we have: 

1 = tr{d^d) 

1 f 

dz a*(z) -k aiz 



V(27^;l)^/2(det^^)l/4 1 \{2TThYI^{detnYI* J 
dz\g{z)\\ (85) 

And we recover condition (i) in the lemma. Conversely, suppose that f^^{z) is such that 
(i) and (ii) hold. Then, let us define: 

d ^ {2Txnf'\deinf" {Wiy' {a{z)) , p ^ {2'nhY{deinf'^ {wl)'' {f'iz)), (86) 
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where y^z) is the inverse generahzed Weyl- Wigner map. Then from (i) and (ii), we 
conclude that tr(a"''a) = 1 and p = a)a. This means that f^^ is the generahzed Weyl- 
Wigner transform of a quantum density matrix, i.e. a NCWF.|— | 

Theorem 3.14: The expectation value an observable A{z) G A{T-L) in a state p G JF, such 
that Ap G JF, is evaluated according to: 

<A>= Jdz A{z)f^^{z), (87) 

where A{z) = W^{A) and /^^(z) is the NCWF associated with p. 

Proof: From Eqs. (|27|1 and (l28l) we have: 

<A>= Tr(Ap) = I Aiz)i<W!{p) 

= j dzA{z) ^ r^(^) = j dzA{z)f''{z).^ (88) 

D. Independence of W| from the particular choice of the Seiberg-Witten map 

It may strike the reader that the NCWF as defined by Eq. (17T]) seems to be explicitly 
dependent on the SW map. Clearly this is physically unacceptable. Also, from a mathe- 
matical point of view this seems somewhat paradoxical. Indeed, suppose a NCWF f^^{z) 
is a solution of the noncommutative ^ir-genvalue Eq. ( 1791) or of the noncommutative von 
Neumann- Moyal Eq. ( 1741) . Since neither the ^-product (l46l) nor the Moyal bracket ( 1701) 
depend upon the SW map, this is contradictory with the fact that the solution f^^{z) 
has the form (I7T|) which apparently depends on the SW transformation. However, this is 
only apparently so. In this section we will prove that the extended Weyl- Wigner map is 
independent of the particular choice of the SW transform. Hence the entire phase space 
formulation of NCQM is invariant under a modification of the SW map. 

Suppose that ^ and ^' are two sets of Heisenberg variables ( l38l) . related by a unitary 
transformation: 

^ = U^'U^ , f/f/t = 1 . (89) 

We may define two Weyl- Wigner maps W^, W^f (c.f. ( fTTj) and ( |T71) ) and consequently two 
generalized Weyl- Wigner maps W^' . Since the two SW maps are linear diffeormor- 
phisms, then the unitary transformation (189!) is itself a linear diffeomorphism: 

^ = m , e(^) = e(m)- (90) 
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The two generalized Weyl-Wigner maps act on a generic element A of the algebra, which 
may be an operator or a density matrix, as: 

WliA) = Ai^z)) = A{z) , W^'iA) = A'i^'iz)) ^ A,{z), (91) 

where 

AiO = W^{A) , A'{a = W^iA). (92) 

The obvious question is then whether Ai{z) = ^2(2;)? From the unitary transformation 
(EH]), (ED]) we may write 

A{i) = i(f/ef/t) = uAii')u\ (93) 

and thus 

A'iC) = W^,{A) = W^, (f/i(e)f>0 = ^(^') (94) 

where U = U{^') = W^'{U) and the product -k^ is the Moyal product ( |T2l) with respect to 
the variables C,'. Since the unitary transformation fl89|l is linear (cf. (|39l) and (J90i) ). it acts 
as a local coordinate transformation in phase space 251], i.e.: 



A'ia = A{U M M U*) = Am')) ■ (95) 

Hence 

A,{z) = A'i^iz)) = Am'm = Ai^z)) = A{z) , (96) 

where we used f l90|) . fl9T|) and fl95l) . This proves that the result is the same irrespective 
of the particular SW map. Hence = W^. If we now go back to our definition of the 
NCWF, we come to the conclusion, that in order for the NCWF f^'~^{z) to be independent 
of the SW map, the associated Wigner function /^(O must be based on a density matrix 
{R + y\p\R — or a wave function ip{R) which depend explicitly on the SW map. This is 
explicity illustrated in the next section for the harmonic oscillator (cf. Eqs. flll5p - fll21l) ). 

IV. COMPARISON WITH OTHER PROPOSALS 

All the results presented in section 3 for the deformation quantization of noncommutative 
systems are valid for an arbitrary number of dimensions and general noncommutativity, i.e. 
both for position and momentum. The aim of this section is to compare our general results 



with known proposals that can be found in the literature. In Refs. |35|, l36|, l37| the authors 
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consider the two dimensional plane with only spatial noncommutativity. In this case, the 
extended Heisenberg algebra simplifies considerably: 



[qi, Qj] = iOeij , [qi,pj] = ihSij , [pi,Pj]=0 , i,j = 1,2, (97) 

where €12 = —^21 = 1? ^ii = ^22 = and 6 is the only noncommutativity real parameter. A 
possible SW map for this algebra is given by 

Ri = qi + j2^^ijPj ) ^i=Pi- (98) 
The Jacobian is simply given by: 

det = 1. (99) 



The authors in Refs. 



35 



37| proposed the following expression for the NCWF: 



/^""(g-P) = J dy e-''^-y/^ij{q + y) ^q - y), (100) 

where iplq) G (iR^, dq^ and the -kg product is given by Eq. ( HHl) with d = 2 and % = Oeij: 

ie a d 

A{q) HB{q) = A{q)e^ ^g."'' ^qj ^{q) . (101) 
The following lemma explains how Eq. (11 001) relates to our general formula Eq. flTTl) . 



Lemma 4.1: If we choose the linear transformation (!98|) as our SW map, then we can cast 
our formula fl7T|) in the form (llOOp . 

Proof: Let us compute the *e product using the kernel representation fISBl) . We denote 
by E the matrix with entries eij. Notice that the *e-product looks exactly like the usual 
Tkr^-product, where qi,q2,9,'E play the role of q,p,h,3, respectively. The kernel form (l56ll 
is then directly applicable. It thus follows that 

i^iq + y) - y) = + y)H<l" - y)e^'>-'^'^^^('^"-'^^^ 

^ ^dw /rft;^(M)^e[-t(''-"+^)^^^''+^-^)l (102) 



Substituting this expression in the Eq. fllOOp and integrating over y, we obtain: 

"Inn 2^ 

f(^{q,p) = j-^ j du j dv5 (y-2q- f Ep + u) ^(M)V<^e[-^('?-")^^("-^)] 

^ j dui){u)i){2q+{Y.p-u)e~^'"^''-'^\ (103) 
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where we have used the antisymmetry of the matrix eij. Finally we perform the substitution 
u = q + + y to obtain: 

= ^ / dy^ {q + ^Ep + y) ^ (q + ±.^p - y)e-'^^-yl^ . (104) 

Notice that from Eq. fl98l) . we can rewrite this as: 

= / dy {R{q,p) +y)ij {R{q,p) - j/)e-2^nfe^)V^ 



= /^(i?(g,p),n(g,p)), (105) 

in agreement with (17T!) . We recall that the Jacobian of the transformation is equal to l.|— | 

In Ref. [36| the authors considered again the plane with spatial noncommutativity ( 1971) . 
Since e.g. qi and p2 commute, they derived the deformation quantization of such systems 
by resorting to the ket basis {\qi,P2)}- They thus obtained the following expression for the 
NCWF: 



f'^il^P) = / dx, J dy^^ (gi + f + '-M,P2 - f)<P (gi - f - ^,P2 + ^ 

X e^'''P'+^y^'^\ (106) 

Here (p{qi,P2) is the qi,p2 representation of some Hilbert space state i.e. 4>{qi,P2) = 
{qi,P2\4')- Again it is possible to relate their expression to our general formalism: 

Lemma 4.2: If we define ip{qi,q2) G (jR^,dqidq2^ by 

^(gi, gs) = J dp2 <P (gi - 4p2,P2) eh-^\ (107) 

(t>{q,,P2) = I dq2 ^ (gi + ^P2, ga) e'^^^'^ (108) 



then the Ref. 



38| formula ffT06D is equivalent to and (fTOOj) . 



Proof: Let us substitute the expression (11081) into Eq. (11061) and perform the change of 
variable Xi = —2yi — The result is: 



/^^(g, P) = / dyi J dy2 J dq'2 J dq'l ^ (gi + ^p2 - yi, ga)^ (gi + ^P2 + Vu q'i 

j-Jl ('32P2-|g2f2-'?2P2-|j/2<?2-2piJ/l-^piJ/2 +5/292 



X 



xe 



(109) 
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The integration over 7/2 yields AnhS (— q'2 — (I2 -~ dpi/h + 252)- Finally, if we integrate over 
^2 and perform the substitution q2 = q2 — ^Pi — 1/2, to obtain: 



f^^iq,p) = J dyi J dy2 (gi + - Vi, q2 - ^Pi - 2/2^ 

X (gi + ^P2 + yi, q2 - ^Pi + y2) e^-hp^y^+p-y^^\ (no) 

which has the form fll04l) .[— [ 



In Ref. [38|] the following strategy for solving eigenvalue problems in noncommutative phase 
space is adopted: 

(i) Start from a quantum Hamiltonian H{z) written in terms of the noncommutative 
variables z = {q,p); 

(ii) Perform a SW transformation z z{C,) and define a new Hamiltonian in terms of 
the Heisenberg set ^ = {R, ft): H^iO = H (z{i))- 

(iii) Apply the ordinary Weyl-Wigner map W^^ to the eigenvalue equation 

H\i)\i^E)=E\i^E). (Ill) 

to obtain 

H\0^nf^{i)=Ef^{i), (112) 
where, obviously H^{i) = W^{H^{^)) and: 

/J(0 = {2,ih)-'w^{\i^E){i^E\) = e-'^^y"^iJE{R-y)MR + y)- (ns) 



Examining the diagram 2, we realize that the authors of Ref. 38[ did not complete the 
square: 

B[z) > BKi) 

Diagram 3 

as the inverse SW transformation in phase space was not performed. Hence, their solutions 
are clearly explicitly dependent upon the particular SW map chosen. This is indeed what 
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happens as can be seen from the specific example of the harmonic oscillator 

Hiq,p) = ^ + ^muj^f (114) 
on the plane and with spatial and momentum noncommutativity 

[qi, Qj] = iOe,j , [qi,pj] = ih5ij , [pi, Pj] = iv(^ij , i,j = l,2. (115) 
The following SW map was used: 

Qi = XRi - ■^^(^ij'^j ) Pi = f^^i + ' 

where the parameters A, /i are subject to the constraint: 

= A/x(l - A/x) . (117) 

The corresponding Jacobian reads: 

(detf2)V^ = l-g. (118) 



d{R,U) ' ' h 
The SW transformation is thus invertible provided 9r] < fi^, in which case we have: 

In our notation, the resulting stargenf unctions (11121) and (I113p are given by: 

fZ,n.{R,^) = e"(^'''^^"')L., , (120) 

where L„ are the Laguerre Polynomials, ni,n2 are non negative integers and 



= — h 

(3^ = 



2m 8A2^2 ' 

fi± = ^ ± 2i?en . (121) 

(3 a 

One can immediately realize is that, as mentioned above, the stargenfunctions depend 
explicitly on the parameters A, // of the SW map. It is not difficult to see that if one uses the 
inverse SW transformation (11191) . the constraint (11171) and multiplies by the normalization 
(det ri)-i/2 = (l - 9ri/n'^y\ the resulting NCWF f^^%{q,p) is independent of A,/i. 
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V. CONCLUSIONS 



In this paper we have developed the Weyl-Wigner formahsm in the context of a phase 
space noncommutative extension of quantum mechanics. Our strategy rehes on a covariant 
formulation of deformation quantization, which is based on an extension of the Weyl-Wigner 
map. Using this formalism, we constructed the extended ^-product, the extended Moyal 
bracket as well as the noncommutative Wigner function. Moreover, we derived several 
properties of the extended Weyl-Wigner map and explicitly proved that albeit apparently 
dependent upon the particular choice of the SW transformation, it is in fact invariant under 
different choices of such maps. This in agreement with the fact that neither the extended 
T^r-product nor the extended Moyal bracket depend on the SW map. The generality of 
our results allow us to obtain the noncommutative Wigner function for a large class of 2- 
dimensional spaces and compare our results with other models discussed in the literature. 

The main advantage of our approach is that it incorporates and generalizes all the 
previous proposals in a unified framework. In fact, all the models discussed in the literature 
are particular cases of our formalism, much as for instance, d = 2, spatial noncommutativity. 
However, our proposal for the Wigner function (!7T!) is valid for any arbitrary dimension and 



for both spatial as well as momentum noncommutativity. The results of Refs. 



35 



36 



37| 



are nevertheless useful. We argued that our formula (I7T1) is apparently dependent on the 



choice of SW map, but not the physical predictions. The expression (11061) of Ref. [36 1 
has the advantage of being explicitly independent of the SW map. This is because the 
authors there resorted to the \qi,P2) representation. Moreover, using this representation, 
their method can be easily extended to the case where noncommutativity of momenta is 
included. However, we can anticipate some difficulties with this approach, if we consider 
higher dimensional {d > 3) systems. For instance, in 3 dimensions, we cannot find 3 
observables among {qi,Pj, i,j = 1, 2, 3) which are mutually commutative, as was the case of 
qi,P2 or q2,Pi in 2 dimensions. Probably, one will be forced to construct linear combinations 
of these. 

By contrast, as we have shown in Lemma 4.1, the expression fllOOl) . of Ref. [s^ cor- 
responds to a specific choice ( !98|) of the SW map. In a forthcoming paper we will 
show that this expression also has its advantages. Indeed, in dimension d with spatial 
noncommut at i vity : 

[qi,qj]=i6ij , [qi,pj]=ih6ij , [pi,Pj] = , i,j = 1,- ■ ■ ,d, (122) 
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we may easily generalize the SW map 

Ri = Qi + jfOijPj , Ili=Pi , i,j = l,---,d. (123) 

Following the proof of Lemma 4.1, we can show that our expression (I7T|) can be cast in the 
form: 

= fdy e-^^^-yl^i,{q + y) r{q - v), (124) 



where the ^g-product is given by f HHl) . And so, the formula of Ref. [35| is easily generalized 
to d dimensions with spatial noncommutativity (11221) . 



In a forthcoming paper 47| we will further explore the properties of the noncommutative 
Wigner functions. In particular, we will show that the set of these functions has a non empty 
intersection with the set of ordinary Wigner functions, even though it is not a subset of 
the latter. This will allow us to device criteria for assessing whether a transition from 
noncommutative to ordinary quantum mechanics has taken place. This researh program 
was initiated in Ref. [3], where it was derived the noncommutative version of the Hu-Paz- 
Zhang equation for a Brownian particle linearly coupled to a bath of oscillators at thermal 
equilibrium on the plane with spatial noncommutativity. 
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